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
Abstract. We continue the study of (strictly) o-bounded
topological groups initiated by the rst listed author and solve
two problems posed earlier. It is shown here that the product of
a Comfort-like topological group by a (strictly) o-bounded group
is (strictly) o-bounded. Some non-trivial examples of strictly o-
bounded free topological groups are given. We also show that
o-boundedness is not productive, and strict o-boundedness can-
not be characterized by means of second countable continuous
homomorphic images.
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1. Introduction
The class of -compact topological groups has many nice properties. For
example, every -compact group is countably cellular [11] and perfectly -
normal [13, 15]. The subgroups of -compact groups inherit these properties,
but clearly need not be -compact. The notions of o-boundedness and strict
o-boundedness introduced by O. Okunev and M. Tkachenko respectively, were
considered in [9]. The idea was to nd a wider class of topological groups as
close to the class of -compact groups as possible which is additionally closed
under taking subgroups. Let us recall the corresponding denitions.
A topological group G is called o-bounded if for every sequence fU
n
: n 2 Ng
of open neighborhoods of the neutral element in G, there exists a sequence
fF
n
: n 2 Ng of nite subsets of G such that G =
S
n2N
F
n
 U
n
. It is clear
that all -compact groups as well as their subgroups are o-bounded. In a sense,
o-bounded groups have to be small: the group R
!
fails to be o-bounded [9,

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Example 2.6]. The class of o-bounded groups has good categorical properties:
all subgroups and all continuous homomorphic images of an o-bounded group
are o-bounded [9]. It was not known, however, whether this class was nitely
productive [9, Problem 5.2]. We show in Example 2.12 that there exists a
second countable o-bounded group G whose square is not o-bounded. Actually,
the group G rst appeared in [9, Example 6.1] in order to distinguish the classes
of o-bounded and strictly o-bounded groups. However, the properties of this
group were not completely exhausted there. As is shown in [4], the group G is
additionally analytic, that is, G is a continuous image of a separable complete
metric space.
To dene strictly o-bounded groups, we need to describe the OF-game (see
[9] or [14]). Suppose that G is a topological group and that two players, say I
and II, play the following game. Player I chooses an open neighborhood U
1
of
the identity in G, and player II responds choosing a nite subset F
1
of G. In
the second turn, player I chooses another neighborhood U
2
of the identity in
G and player II chooses a nite subset F
2
of G. The game continues this way
until we have the sequences fU
n
: n 2 Ng and fF
n
: n 2 Ng. Player II wins
if G =
S
1
n=1
F
n
 U
n
. Otherwise, player I wins. The group G is called strictly
o-bounded if player II has a winning strategy in the OF-game on G. It is easy to
see that -compact groups are strictly o-bounded and every strictly o-bounded
group is o-bounded. As we mentioned above, o-bounded groups need not be
strictly o-bounded. In addition, there are lots of strictly o-bounded groups
that are neither -compact nor isomorphic to subgroups of -compact groups
[9, Example 3.1]. However, an o-bounded continuous homomorphic image of a
Weil-complete group is -bounded, hence strictly o-bounded [3]. All this makes
the problem of studying the properties of these two classes of topological groups
fairly interesting.
The class of o-bounded groups is not productive in view of Example 2.12.
However, we have no examples of strictly o-bounded groups G and H such that
the product GH is not strictly o-bounded (see Problem 4.1). On the other
hand, it was known that a product of an o-bounded group by a -compact group
was o-bounded [9, Theorem 5.3], and a similar result for strictly o-bounded
groups was recently proved by Jian He (see Theorem 2.7) who in fact has
proved the result with `-bounded' instead of `-compact' and by a method
that extends the o-bounded result as well. It turns out that there are many
topological groups G (far from being -compact) with the property that the
product GH is (strictly) o-bounded for every (strictly) o-bounded group H.
Let G be a -product of countable discrete groups endowed with the @
0
-box
topology. We shall call any subgroup of such a group G a Comfort-like group.
(It was W. Comfort who proved that every -product of countable discrete
spaces with the @
0
-box topology inherited from the whole product is Lindelof,
see [5]). We prove in Section 2 that multiplication by a Comfort-like group
G does not destroy (strict) o-boundedness: the product G H is (strictly) o-
bounded for every (strictly) o-bounded group H. It is also shown that the
free topological group F (X) is strictly o-bounded whenever X is the one-point
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Lindelocation of any uncountable discrete space (Theorem 2.8). In fact, the
product F (X)H is strictly o-bounded for every strictly o-bounded group H
(see Theorem 2.11).
It is clear that every o-bounded group is @
0
-bounded in the sense of [6],
that is, it can be covered by countably many translates of any neighborhood
of the identity. By Theorem 4.1 of [9], if G is @
0
-bounded and all second
countable continuous homomorphic images of G are o-bounded, then G itself
is o-bounded. In Section 3 we use  to construct an o-bounded group G whose
second countable continuous homomorphic images are countable (hence strictly
o-bounded), but G itself is not strictly o-bounded. Therefore, the class of
strictly o-bounded groups is considerably more complicated than that of o-
bounded groups. In other words, strict o-boundedness is not reected in the
class of second countable groups.
The group G in Theorem 3.1 has another interesting feature. Let us call a
topological group H OF-undetermined if neither player I nor player II has a
winning strategy in the OF-game in H. It was an open problem whether there
exist OF-undetermined groups. It turns out that the group G in Example
3.1 is OF-undetermined. We do not know, however, if such a group can be
constructed in ZFC. Another problem is considered by T. Banakh in [4]: Does
there exist a metrizable OF-undetermined group? He shows that such groups
exist under Martin's Axiom and have necessarily to be second countable.
1.1. Notation and terminology. We denote by N the positive integers, by Z
the additive group of integers, and by R the group of reals. A topological group
G is called @
0
-bounded [6] if countably many translates of every neighborhood
of the identity in G cover the group G. By a result of [6], G is @
0
-bounded if
and only if it is topologically isomorphic to a subgroup of a direct product of
second countable topological groups. This class of groups is closed under taking
direct products, subgroups and continuous homomorphic images.
We say that H is a P -group if the intersection of any countable family of open
sets in H is open. Every topological group H admits a ner group topology
that makes it a P -group: a base of such a topology consists of all G

-subsets of
H.
If X is a subset of a group G, we use hXi to denote the subgroup of G
generated by X. Finally, the families of all non-empty nite and countable
subsets of a set A will be denoted by [A]
<!
and [A]
!
, respectively.
2. Productive properties of o-bounded groups
Here we introduce the class of Comfort-like topological groups and show that
the product GH is (strictly) o-bounded whenever G is a Comfort-like group
and H is (stricly) o-bounded. We start with a simple but useful lemma.
Lemma 2.1. Suppose that G, H and K are groups that ' : G ! H and
 : G ! K are homomorphisms such that ker  ker'. Then there exists
a homomorphism f : K ! H such that ' = f   . If in addition, G, H and K
are topological groups, ' and  are continuous, and for each neighborhood U
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of the identity e
H
in H there exists a neighborhood V of the identity e
K
in K
such that  
 1
(V )  '
 1
(U), then f is continuous.
Proof. The algebraic part of the lemma is well known. Let us verify the conti-
nuity of f in the second part of the lemma. Suppose that U is a neighborhood
of e
H
in H. By our assumption, there exists a neighborhood V of e
K
in K such
that W =  
 1
(V )  '
 1
(U). Then f(V ) = '(W )  U , that is, f is continuous
at the identity of K. Therefore, f is continuous. 
Our second auxiliary result concerns continuous homomorphic images of @
0
-
bounded P -groups.
Lemma 2.2. Let ' : G! H be a continuous homomorphism of an @
0
-bounded
P -group G to a topological group H of countable pseudocharacter. Then the
image '(G) is countable.
Proof. Let fU
n
: n 2 Ng be a countable pseudobase at the identity e
H
of H.
Since G is a P -group, the kernel N = ker' =
T
n2N
'
 1
(U
n
) is a normal open
subgroup of G. Let  : G! G=N be the quotient homomorphism. By Lemma
2.1, there exists a homomorphism f : G=N ! H such that ' = f   . Since
G is @
0
-bounded, the quotient group G=N is countable, and hence j'(G)j =
jf( (G))j  jG=N j  !. 
Let  =
Q
i2I
G
i
be the direct product of topological groups G
i
and let e be
the identity of . For every x 2 , put supp(x) = fi 2 I : x(i) 6= e
i
g, where e
i
is the identity of G
i
, i 2 I. Then we dene


= fx 2  : j supp(x)j < !g:
It is clear that 

is a subgroup of . This subgroup is called the -product
of the groups G
i
, i 2 I. Suppose that  carries the @
0
-box topology T
!
the
standard base of which consists of the sets 
 1
J
(V ), where J is a countable
subset of I, 
J
:  ! 
J
=
Q
j2J
G
j
is the projection, and V =
Q
j2J
V
j
is a
product of open subsets V
j
 G
j
, j 2 J . Then  with the topology T
!
becomes
a topological group. Note that if all groups G
i
are discrete, then every G

-set
in (;T
!
) is open. In the special case when the groups G
i
are countable and
discrete, we shall call 

(as well as every subgroup of 

) a Comfort-like group.
Therefore, every Comfort-like group is a P -group. In particular, such a group
is zero-dimensional.
Let us show that Comfort-like groups form a subclass of @
0
-bounded P -
groups. It is helpful to note that by Theorem 2.4 of [9], every @
0
-bounded
P -group is o-bounded (in precise terms, the result in [9] was formulated for
Lindelof P -groups, but its proof remains valid for @
0
-bounded groups as well).
Corollary 2.3. Every Comfort-like group G is @
0
-bounded. Therefore, G is an
@
0
-bounded P -group, hence o-bounded.
Proof. Every Comfort-like group G is a P -group. We show that the group G is
@
0
-bounded. Since a subgroup of an @
0
-bounded group is also @
0
-bounded [6],
we can assume that G = 

, where  =
Q
i2I
G
i
is the product of countable
discrete groups G
i
, and  is endowed with the @
0
-box topology. Let U =
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G\ 
 1
J
(x) be a non-empty basic open set in G, where J 2 [I]
!
, 
J
: ! 
J
is the projection and x 2 
J
. Since 
J
(G) is countable, there exists a countable
subset K of G such that 
J
(K) = 
J
(G). One easily veries that G = K  U .
This proves that G is @
0
-bounded.
To nish the proof, note that the class of @
0
-bounded P -groups is closed
with respect to taking arbitrary subgroups, and every group in this class is
o-bounded by Theorem 2.4 of [9]. 
Now we present one of the main results of this section.
Theorem 2.4. Let G be an @
0
-bounded P -group and H be an o-bounded topo-
logical group. Then GH is o-bounded.
Proof. Let us show that if ' : G  H ! K is a continuous epimorphism,
where K is a second countable group, then K is o-bounded. Suppose that
W
1
, W
2
, : : : is a neighborhood basis at the identity e
K
of K. For each
i 2 N, we take a neighborhood U
i
 V
i
of (e
G
; e
H
), where U
i
and V
i
are
neighborhoods of the identities e
G
and e
H
of G and H respectively, such that
U
i
 V
i
 '
 1
(W
i
). Since G and H are @
0
-bounded, there exist continuous
homomorphisms f
i
: G ! G
i
and h
i
: H ! H
i
, where G
i
and H
i
are second
countable groups, and neighborhoods U
0
i
and V
0
i
of the identities e
G
i
and e
H
i
of G
i
and H
i
respectively, such that f
 1
i
(U
0
i
)  U
i
and h
 1
i
(V
0
i
)  V
i
(see [14,
Lemma 3.7]). Let f = 
i2N
f
i
: G !
Q
i2N
G
i
and h = 
i2N
h
i
: H !
Q
i2N
H
i
be the diagonal products of the families ff
i
: i 2 Ng and fh
i
: i 2 Ng, re-
spectively. The groups G
0
= f(G) and H
0
= h(H) are second countable and
by Theorem 2.3 of [9], are o-bounded as continuous homomorphic images of
o-bounded groups G and H, respectively. In addition, G
0
= f(G) is countable
by Lemma 2.2, and so, -compact. It then follows from [9, Theorem 5.3] that
G
0
H
0
is o-bounded. Observe that ker(fh)  ker' and then, for each neigh-
borhood W of the identity in K, there exists a neighborhood V of the identity
(e
G
0
; e
H
0
) inG
0
H
0
such that (fh)
 1
(V )  '
 1
(W ). So, by Lemma 2.1, there
exists a continuous homomorphism  : G
0
H
0
! K such that ' = (f h)  .
Applying again Theorem 2.3 of [9], we infer that K is o-bounded. Therefore,
all continuous homomorphic images of G H are o-bounded, so [9, Theorem
4.1] implies that the group GH is o-bounded. 
The above theorem and Corollary 2.3 together imply the following.
Corollary 2.5. If G is a Comfort-like group, then the product G  H is o-
bounded for every o-bounded group H.
It is shown in [9, Example 3.1] that every -product of countable discrete
groups that carries the @
0
-box topology is strictly o-bounded. Since subgroups
of a strictly o-bounded group inherit this property [9, Theorem 2.1], every
Comfort-like group is strictly o-bounded. Here we strengthen this result by
considering the product of a Comfort-like group by a strictly o-bounded group.
Theorem 2.6. If G is a Comfort-like group and H is a strictly o-bounded
group, then GH is strictly o-bounded.
34 C. Hernandez, D. Robbie, M. Tkachenko
Proof. By Theorem 2.1 of [9], a subgroup of a strictly o-bounded group is
strictly o-bounded. Therefore, it suces to consider the case G = 

 ,
where the product  =
Q
<
G

of countable discrete groups G

is equipped
with the @
0
-box topology. For every A 2 [ ]
!
, let 
A
:  ! 
A
=
Q
2A
G

be the projection. Denote by e
A
the identity of 
A
. Then the family U = fU
A
:
A 2 [ ]
!
g is a base at the identity e of G, where U
A
= G \ 
 1
A
(e
A
). One
easily veries the following:
(1) every U
A
is a normal subgroup of G;
(2) the sets U
A
are clopen in G;
(3) jG=U
A
j  @
0
for each A 2 [ ]
!
.
It was proved in [9, Example 3.1] that G is strictly o-bounded. We need to
refer to aspects of that proof, so the needed parts are reproduced here with
appropriate adaptation for our present proof. Suppose that player I chooses in
the turn i the neighborhoodW
i
of the identity inGH. We can assume without
loss of generality that each W
i
has the form W
i
= U
i
 V
i
where U
i
and V
i
are
neighborhoods of the identity in G and H respectively. In addition, we can
assume that U
i
= U
A
i
, where A
i
2 [ ]
!
, and that A
1
 A
2
     A
i
    .
First consider the group G. If x 2 G, put supp(x) = f <  : x

6= e

g,
where e

is the identity of G

. Clearly, supp(x) is a nite subset of  for each
x 2 G.
Since each U
A
has a countable number of cosets in G we may do as follows:
For every A 2 [ ]
!
, we dene a countable set B
A
= fx
A
1
; x
A
2
; : : : g choosing
elements x
A
i
in every coset of U
A
in G in such a way that supp(x
A
i
)  A for
each i 2 N.
Choose x 2 G. Then of course x 2 x
A
i
U
A
for some x
A
i
2 B
A
. We note that
as any element u 2 U
A
has u

= e

, for  2 A, therefore x

= (x
A
i
)

for  2 A,
and moreover, supp(x
A
i
)  supp(x). We further note that if A;B 2 [ ]
!
and
A  B then U
B
 U
A
, and if x 2 x
B
j
U
B
then x
B
j
U
B
 x
A
i
U
A
, so supp(x
A
i
) 
supp(x
B
j
)  supp(x).
With reference to the U
i
= U
A
i
above, and writing x
i
j
for x
A
i
j
we see that
for each n, we have that x 2 x
n
j
n
U
n
     x
2
j
2
U
2
 x
1
j
1
U
1
and supp(x
1
j
1
) 
supp(x
2
j
2
)      supp(x
n
j
n
)      supp(x).
As all of these sets are nite we must have some n = n(x) such that
supp(x
n+k
j
n+k
) = supp(x
n
j
n
), for each k = 1; 2; : : : . Since also by our remarks
above x must agree with each one of the x
n
j
n
at each one of their coordinates of
support, therefore x
n+k
j
n+k
= x
n
j
n
for all k  1.
Thus we have our main point as follows: x 2 x
n(x)
j
n(x)
U
n
for each n  n(x).
For each n, let E
n
= fx
i
j
: i; j  ng. Then certainly x 2 E
n
 U
n
for each
n  n
0
= maxfn(x); j
n(x)
g. To prove that G is strictly o-bounded we only need
one n  n
0
, but to prove our present theorem we need the full set of n  n
0
as
we will now see.
Since H is strictly o-bounded, player II has a winning strategy in the OF-
game on H. So, we are able to construct nite non-empty subsets F
i;j
of H as
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set out in the following scheme:
V
1
V
2
V
3
: : : V
p
: : : V
j
: : :
F
1;1
F
2;1
F
3;1
: : : F
p;1
: : : F
j;1
: : :
F
2;2
F
3;2
: : : F
p;2
: : : F
j;2
: : :
.
.
.
.
.
.
F
p;p
: : : F
j;p
: : :
.
.
.
F
j;j
: : :
such that for each p  1,
H =
1
[
q=p
F
q;p
 V
q
:
If we put F
i
=
S
i
j=1
F
i;j
, clearly then H =
S
1
i=p
F
i
 V
i
for each p  1. Now we
shall prove that GH =
S
1
i=1
(E
i
 F
i
)  (U
i
 V
i
). Let (x; y) 2 GH. Then
x 2 E
n
0
U
n
0
where n
0
= maxfn(x); j
n(x)
g. Now, H =
S
1
i=n
0
F
i
V
i
. So y 2 F
j
V
j
,
for some j  n
0
. But then x 2 E
j
 U
j
. Hence (x; y) 2 (E
j
 U
j
)  (F
j
 V
j
) =
(E
j
 F
j
)  (U
j
 V
j
), as required. 
It is clear that every -compact group is strictly o-bounded. By [9, Theorem
2.1], subgroups of -compact groups inherit this property. The following theo-
rem proved by Jian He strengthens this result and complements Theorem 2.6.
We present its proof with his kind permission.
Theorem 2.7. If G is a strictly o-bounded group and H is a subgroup of a
-compact group, then GH is strictly o-bounded.
Proof. SinceH is a subgroup of a -compact group it is -bounded, that is, H =
S
1
i=1
X
i
, where the sets X
i
are precompact in H and may be taken such that
X
i
is included in X
j
whenever i  j. Therefore, for each sequence fV
i
: i 2 Ng
of neighborhoods of the identity, e
H
, of H, there exists a sequence fQ
i
: i 2 Ng
of nite non-empty subsets of H such that for each i, X
i
 Q
i
 V
i
. Now we
suppose that at turn i, player I chooses a neighborhood U
i
 V
i
of the identity
in GH. Since player II has a winning strategy in the OF-game on G, we are
able to construct nite non-empty subsets F
i;j
of G as set out in the following
scheme:
U
1
U
2
U
3
: : : U
p
: : : U
q
: : :
F
1;1
F
1;2
F
1;3
: : : F
1;p
: : : F
1;q
: : :
F
2;2
F
2;3
: : : F
2;p
: : : F
2;q
: : :
.
.
.
.
.
.
F
p;p
: : : F
p;q
: : :
.
.
.
F
q;q
: : :
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such that for each p  1,
G =
1
[
q=p
F
p;q
 U
q
:
For every i  1, let
F
i
= F
1;i
[ F
2;i
[    [ F
i;i
and K
i
= F
i
Q
i
:
We claim that GH =
S
1
i=1
K
i
 (U
i
 V
i
). That is because if (x; y) 2 GH,
then there exists p  1 such that y 2 X
p
. But then there exists q  p such that
x 2 F
p;q
 U
q
. Now as Q
q
 V
q
 X
q
 X
p
, then y 2 Q
q
 V
q
. Since F
p;q
 F
q
, we
have
(x; y) 2 K
q
 (U
q
 V
q
);
and so GH is strictly o-bounded. 
Another interesting problem is to characterize the spaces X such that the
free topological group F (X) is strictly o-bounded. Here we nd a special class
of spaces X with this property.
Let D be a discrete space of uncountable cardinality. Denote by D

=
D [ fx

g the space obtained by adjoining to D the point x

not in D, whose
topology consists of all subsets of D and all subsets of D

with countable
complements. Such a space D

is known as the one-point Lindelocation of D.
Theorem 2.8. The free topological group F (D

) is strictly o-bounded.
To prove the above theorem we need two auxiliary results.
Lemma 2.9. The family  = fU
K
: K 2 [D]
!
g, where U
K
is the normal
subgroup of F (D

) generated by D

nK, is a base at the identity of F (D

).
Proof. Let K 2 [D]
!
and K

= K [ fx

g. Dene the natural retraction
r : D

! K

by the formula r(x) = x if x 2 K

and r(x) = x

if x =2 K

. Now,
consider r^ : F (D

)! F (K

), the extension of r to a continuous homomorphism.
It is easy to see that ker r^ = U
K
. Since K

is a discrete space, the group
F (K

) is discrete, so U
K
is a normal open subgroup of F (D

). Let us prove
that
T
 = feg, where e is the identity of F (D

). Note that an element x =
a
"
1
1
a
"
2
2
: : : a
"
n
n
2 F (D

), with a
i
2 D

and "
i
= 1, belongs to U
K
if and only
if the word representing x becomes equal to e when all elements a
i
2 D

nK

are replaced by x

. Hence if we choose K = fa
1
; : : : ; a
n
g, then x 6= e implies
x =2 U
K
.
Clearly, D

is a Lindelof P -space, and hence all nite powers of D

are also
Lindelof [10]. Therefore, the group F (D

) is Lindelof (see also [11]). Suppose
that U is an open neighborhood of the neutral element e. Since the group
F (D

) is Lindelof and feg =
T
  U , we can nd a countable subfamily  of
 such that
T
  U . Finally, observe that the intersection of any countable
subfamily of  is in . So,  is a base at e for F (D

). 
Lemma 2.10. Let U
K
be the normal subgroup of F (D

) generated by D

nK,
where K 2 [D]
!
. Then F (D

) = hKi  U
K
.
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Proof. Let g be an element of F (D

). Then g = x
1
   x
n
, where each x
i
is in
D

[(D

)
 1
. We use mathematical induction on n to prove that g is in hKiU
K
.
If n = 1, then g = x
1
is either in K [K
 1
 hKi or in (D

nK)[ (D

nK)
 1

U
K
. In either case, g 2 hKiU
K
. We suppose that n > 1 and x
1
   x
n 1
= f u,
where f 2 hKi and u 2 U
K
.
If x
n
2 D

nK, then it is clear that ux
n
2 U
K
, hence g = f ux
n
2 hKiU
n
. On
the other hand, if x
n
is inK, then for U
K
to be a normal subgroup, u
0
= x
 1
n
ux
n
is in U
K
. Therefore, g = fx
n
 u
0
2 hKi  U
K
. This nishes the proof. 
Proof of Theorem 2.8. For every K 2 [D]
!
, let fg
K
n
: n 2 Ng be an enu-
meration of the group hKi. Without loss of generality, we may suppose that
player I chooses open sets of the form U
K
(Lemma 2.9 applies here). If player
I chooses U
K
1
, player II chooses F
1
= fg
K
1
1
g. In general, if player I chooses
U
K
n
, then player II chooses F
n
= fg
K
i
j
: 1  i; j  ng. We can also as-
sume that K
1
 K
2
     K
n
    . Let K =
S
1
i=1
K
i
. Observe that
hKi =
S
1
n=1
hK
n
i =
S
1
n=1
F
n
. Finally, since U
K
 U
K
n
for each n, Lemma 2.10
implies that
F (D

) = hKi  U
K
=
 
1
[
n=1
F
n

 U
K
=
1
[
n=1
(F
n
 U
K
) 
1
[
n=1
F
n
 U
K
n
:
Then, F (D

) is strictly o-bounded. 
In fact, the above theorem admits a stronger form.
Theorem 2.11. The product F (D

)H is strictly o-bounded for each strictly
o-bounded group H.
Proof. We can modify slightly the proof of Theorem 2.6 and obtain the proof
of our theorem. Indeed, the sets U
K
are now the normal subgroups of F (D

)
generated by D

nK, where K 2 [D]
!
. These sets were used in the proof of
Theorem 2.8 and, as before, form a base for the identity that has the following
properties:
(1) each U
K
is a normal subgroup of F (D

);
(2) the subsets U
K
are clopen in F (D

);
(3) jF (D

)=U
K
j  @
0
for each K 2 [D]
!
.
We may suppose that player I chooses neighborhoods of the form U
i
 V
i
,
where U
i
and V
i
are neighborhoods of the identity e of F (D

) and e
H
of H
respectively, and U
i
= U
K
i
, where K
i
is in [D]
!
, i 2 N.
As in the proof of Theorem 2.8, we choose an enumeration fg
K
n
: n 2 Ng of
hKi, and put E
n
= fx
K
i
j
: i; j  ng. At this point, the proof of the theorem
continues in the same way as the proof of Theorem 2.6. 
The following example shows that the class of o-bounded groups is not nitely
multiplicative. This answers the corresponding problem posed in [9] in the
negative. It turns out that the o-bounded group G from [9, Example 8] suits.
Example 2.12. There exists a second countable o-bounded topological group
G such that GG is not o-bounded.
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For every x 2 R
!
, dene suppx = fn 2 N : x(n) 6= 0g. Let fn
k
(x) : k 2 !g
be the enumeration of suppx in the increasing order. Denote by X the set of
all x 2 R
!
such that
lim
k!1
x(n
k
)
n
k+1
(x)
= 0:
Consider the subgroup G of R
!
generated by X, i.e., G = hXi. In what follows
we use the additive notation for the group operation in R
!
.
We already know that G is o-bounded. We shall prove that G
2
is not o-
bounded describing a sequence fU
n
: n 2 Ng of open neighborhoods of the
identity e 2 G for which no sequence of nite subsets fE
n
: n 2 Ng in G
will make G
2
=
S
1
n=1
[(E
n
 E
n
) + (U
n
 U
n
)]. For every n 2 N, let U
n
=
G \
Q
1
j=1
V
n;j
, where V
n;j
= ( 1; 1) for 0  j  n and V
n;j
= R if j > n. Now,
when considering E
n
+U
n
the only coordinates of the elements E
n
that matter
are 0; 1; : : : ; n since U
n
is unrestricted on ! nn coordinates. So, we may as well
only considerE
n
where the elements have 0 at each of the !nn places. Moreover,
we can assume that E
n
 E
n+1
. Let A
n
= maxfjz(i)j : z 2 E
n
; 0  i  ng.
Observe that A
0
< A
1
<    . We shall prove that G
2
6=
S
1
n=1
[(E
n
 E
n
) +
(U
n
 U
n
)] for any nite subsets E
n
 G. That is, there exists at least one
pair of elements x, y 2 G such that (x; y) =2
S
1
n=1
[(E
n
E
n
) + (U
n
U
n
)]. We
construct x and y as follows. Choose n
0
= 0, n
1
= 1 and set x(0) = x
0
> A
n
1
.
We now choose any n
2
such that x
0
=n
2
< 1=2. Now, for all i, 0 < i < n
2
, we put
x(i) = 0. Let y(n
1
) = y
n
1
> A
n
2
. Then we choose n
3
2 ! so that y
n
1
=n
3
< 1=3.
We set y(j) = 0 if 0  j < n
1
or n
1
< j < n
3
. We continue in this way to
dene numbers fn
k
: k 2 !g. We put x(n
k
) = x
n
k
> A
n
k+1
for k even and such
that x(n
k
)=n
k+2
< 1=(k + 2). The other values for x(j) so far undened for
j < n
k+2
are set as 0. Similarly, if k is odd, then dene y(n
k
) = y
n
k
> A
n
k+1
and n
k+2
is dened so that y(n
k
)=n
k+2
< 1=(k + 2). It is clear that x,y 2 G.
We claim that (x; y) =2
S
1
n=1
[(E
n
 E
n
) + (U
n
 U
n
)]. Indeed, suppose that
n 2 N and that n
k
 n < n
k+1
. If k is even, then x
n
k
> A
n
k+1
 A
n
, so
x =2 E
n
+ U
n
. If k is odd, then y
n
k
> A
n
k+1
 A
n
, so y =2 E
n
+ U
n
. Hence
(x; y) =2
S
1
n=0
[(E
n
E
n
)+(U
n
U
n
)]. This shows that G
2
is not o-bounded. 
3. An example of an OF-undetermined group
By Theorem 4.1 of [9], an @
0
-bounded group G is o-bounded if and only
if all second countable continuous homomorphic images of G are o-bounded.
Here we show that strictly o-bounded groups cannot be characterized this way,
thus answering [9, Problem 4.2] in the negative. In addition, the group G we
construct below will be OF-undetermined, that is, neither player I nor player
II has a winning strategy in the OF-game on G.
Theorem 3.1. Under , there exists a topological group G with the following
properties:
(a) every countable intersection of open sets in G is open;
(b) the image f(G) is countable for every continuous homomorphism f :
G ! H to a second countable topological group H; in particular, G is
o-bounded;
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(c) G is OF-undetermined, hence not strictly o-bounded.
Proof. We shall construct G as a subgroup of the group Z
!
1
endowed with
the @
0
-box topology, where the group Z has the discrete topology. This will
guarantee (a). For every  < !
1
, let 

: Z
!
1
! Z

be the projection and
K

be the kernel of 

. Then K

is an open subgroup of Z
!
1
, and we put
N

= G \K

. Clearly, the family fN

:  < !
1
g forms a decreasing base at
the neutral element of G. The subgroup G of Z
!
1
will also satisfy the following
strong condition:
(B) jGj = @
1
, but 

(G) is countable for each  < !
1
.
Let us show that (B) implies (b). Suppose that f : G ! H is a continuous
homomorphism to a second countable topological group H. Choose a countable
base fU
n
: n 2 Ng at the neutral element of H. For every n 2 N, there
exists an ordinal 
n
< !
1
such that N

n
 f
 1
(U
n
). Let  be a countable
ordinal satisfying 
n
<  for each n 2 N. Then N

 ker f , so by Lemma
2.1 there exists a homomorphism g : 

(G) ! H such that f = g  

. Since
the group 

(G) is countable by (B), we have jf(G)j  j

(G)j  !. Clearly,
every countable group is o-bounded, so Theorem 4.1 of [9] implies that G is
o-bounded.
The dicult part of our construction is to guarantee (c). This requires some
preliminary work. For a point x 2 Z
!
1
, put supp(x) = f < !
1
: x() 6= 0g
and consider the subgroup  of Z
!
1
dened by
 = fx 2 Z
!
1
: j supp(x)j  !g:
It is clear that jj = c = @
1
. Actually, our group G will be constructed
as a subgroup of . Since fN

:  < !
1
g is a base at the neutral element
of G, we can assume without loss of generality that player I always makes his
choice from this family, and this choice, say N

, is dened by the corresponding
ordinal . Therefore, every possible winning strategy for player II is a function
 : Seq ! [G ]
<!
, where Seq is the family of all nite sequences (
0
; 
1
; : : : ; 
n
)
with 
0
< 
1
<    < 
n
< !
1
and [G]
<!
is the family of all non-empty nite
subsets of G.
Denote by Lim the set of all innite limit ordinals in !
1
. For every  2
Lim, denote by Seq() the family of all nite sequences (
0
; 
1
; : : : ; 
n
), where

0
< 
1
<    < 
n
< . Using  and Lemma 2 of [Fed], we can nd a family
f 

:  2 Limg satisfying the following conditions:
(i)  

: Seq()! [Z

]
<!
is a function for each  2 Lim;
(ii) for every function  : Seq ! []
<!
satisfying j

( (Seq))j  ! for
each  < !
1
, there exists  2 Lim such that  

= 

  j
Seq()
, i.e.,
 

(
0
; : : : ; 
n
) = 

( (
0
; : : : ; 
n
)) for any sequence 
0
<    < 
n
< .
If  <  < !
1
, denote by 


the projection of Z

to Z

. Now, we will
construct a sequence fG

:  < !
1
g satisfying the following conditions for each
 < !
1
:
(1) G

is a countable subgroup of Z

;
(2) 


(G

) = G

if  < ;
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(3) G
+1
= G

 Z;
(4) if  2 Lim, then
S
<
(G

 f0


g)  G

, where 0


is the neutral
element of Z
n
;
(5) if  2 Lim, then  

is not a winning strategy for player II in G

.
Put G
0
= Z. Suppose that for some  < !
1
, we have dened a sequence
fG

:  < g satisfying (1){(5). If  is non-limit, say  =  + 1, then we put
G

= G

 Z  Z

 Z = Z

. Let us consider, therefore, the case  2 Lim.
Set H =
S
<
(G

 f0


g). Clearly, the subgroup H of Z

is countable. Fix
a sequence f
n
: n 2 Ng   such that lim
n2N

n
= . For every n 2 N, put
F
n
=  

(
0
; : : : ; 
n
). We claim that there exists a point x 2 Z

n
S
n2N
(U
n
+F
n
)
such that 


n
(x) 2 G

n
for each n 2 N, where U
n
= 

(K

n
)  Z

. Indeed,
choose a point x
0
2 G

0
n 


0
(F
0
). By induction, with the help of (2) and (3),
dene a sequence fx
n
: n 2 Ng such that x
n
2 G

n
n


n
(F
n
) and 

n+1

n
(x
n+1
) =
x
n
for each n 2 N. This is possible because (2) and (3) together imply that
for every ;  with  <  <  and every z 2 G

, there exist innitely many
y 2 G

with 


(y) = z. Let x 2 Z

be a point satisfying 


n
(x) = x
n
for each
n 2 N. It is easy to see then that x =2
S
n2N
(U
n
+ F
n
). Put G

= H  hxi.
Then G

n
S
n2N
(U
n
+ F
n
) 6= ?, i.e.,  

is not a winning strategy for player II
in G

. Since 


(H) = G

and 


(x) 2 G

for each  < , we conclude that



(G

) = G

for all  < . Clearly, the group G

is countable, so that the
sequence fG

:   g satises (1){(5). This nishes our construction.
Consider the subgroup G =
S
<!
1
(G

 f0()g) of Z
!
1
, where 0() is the
neutral element of Z
!
1
n
for every  < !
1
. Then G  , jGj = @
1
and


(G) = G

for each  < !
1
, i.e., G satises (B). Let us verify that G is
OF-undetermined.
First, we show that player II has no winning strategy. Let  : Seq ! [G]
<!
be
a function. Then j

( (Seq))j  j[G

]
<!
j  ! for each  < !
1
, so (ii) implies
that there is  2 Lim such that  

= 

  j
Seq()
. However,  

fails to be
a winning strategy for player II in G

, and hence one can nd an increasing
sequence 
0
<    < 
n
<    <  and a point x 2 G

n
S
n2N
(U
n
+ F
n
), where
F
n
=  

(
0
; : : : ; 
n
) and U
n
= 

(K

n
) for each n 2 N. Choose an element
y 2 G with 

(y) = x. Since F
n
= 

( (
0
; : : : ; 
n
)) for every integer n, we
conclude that y =2
S
n2N
(K

n
+  (
0
; : : : ; 
n
)), i.e.,  is not a winning strategy
for player II in G.
Let us show that player I has no winning strategy. Since player I always
chooses elements of the base fN

:  < !
1
g, every possible winning strategy
for him is a function  : F ! !
1
, where F is the family of all nite sequences
(F
0
; : : : ; F
n
) with F
0
; : : : ; F
n
2 [G]
<!
. The equality  = (F
0
; : : : ; F
n
) means
that player I chooses the neighborhood N

at the step n + 1. Suppose that
 : F ! !
1
is a function, and 
0
is the player I's choice at the rst step. Since
G  , for every x 2 G there exists  < !
1
such that supp(x)  . Therefore,
for every nite subset F of G, we can dene
s(F ) = minf < !
1
: supp(x)   for each x 2 Fg:
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Given an ordinal  < !
1
, put
()= supf(F
0
; : : : ; F
n
) : (n 2 N) ^ (8i  n)[F
i
2 [G]
<!
^ s(F
i
)  ]g:
Dene a strictly increasing sequence f
n
: n 2 Ng  !
1
such that (
n
)  
n+1
for each n 2 N and put  = sup
n2N

n
. Let G

= fx
n
: n 2 Ng. For every
n 2 N, H
n
= G

n
f0(n)g is a subgroup of G, where 0(n) is the neutral element
of Z
!
1
n
n
(see (4)). It is easy to dene a sequence fF
n
: n 2 Ng of nite subsets
of G satisfying the following conditions for all n 2 N:
(6) F
n
 H
n
;
(7) 

n
(x
i
) 2 

n
(F
n
) for i = 0; : : : ; n.
We claim that if x 2 G and 

(x) = x
i
, then x 2 N

n
+ F
n
for each n  i.
Indeed, by (7), we have 

n
(x
i
) 2 

n
(F
n
), so xj

n
= x
i
j

n
= yj

n
for some
y 2 F
n
. This implies that x 2 K

n
+ y  K

n
+ F
n
, and hence x 2 N

n
+ F
n
.
This proves the claim. From (6) it follows that 
n+1
= (F
0
; : : : ; F
n
)  
n+1
for each n 2 N, so we conclude that
G 
1
[
n=1
(N

n
+ F
n
) 
1
[
n=1
(N

n
+ F
n
):
Therefore,  cannot be a winning strategy for player I, and hence G is OF-un-
determined. It remains to note that an OF-undetermined group is not strictly
o-bounded. This completes the proof. 
4. Open problems
The class of o-bounded groups is not productive by Example 2.12. This
motivates the following
Problem 4.1. Does there exist strictly o-bounded groups G and H such that
the product GH is not strictly o-bounded?
It is known that the product GH is o-bounded whenever G is o-bounded
and H is either a -compact or Comfort-like group (see [9, Theorem 5.3] and
our Corollary 2.5). We do not know whether the multiplication by a strictly
o-bounded group can destroy o-boundedness:
Problem 4.2. Is it true that a product of an o-bounded group by a strictly
o-bounded group is o-bounded?
Theorem 2.8 suggests the following problem:
Problem 4.3. Characterize the spaces X such that the free (Abelian) topological
group F (X) (A(X)) is o-bounded or strictly o-bounded.
In fact, the above problem splits up into four distinct subproblems.
By [9, Theorem 4.1], an @
0
-bounded group G is o-bounded i all second
countable continuous homomorphic images of G are o-bounded. We do not
know whether \@
0
-bounded" can be omitted here:
Problem 4.4. Suppose that all second countable continuous homomorphic im-
ages of an (Abelian) topological group G are o-bounded. Is then G o-bounded?
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In Theorem 3.1 we constructed an example of an OF-undetermined topologi-
cal group G. Our group G is very far from being metrizable: it is a non-discrete
P -group. The following question is considered by T. Banakh in [4]:
Problem 4.5. Does there exist an OF-undetermined metrizable group?
Since every OF-undetermined group is o-bounded and o-bounded groups are
@
0
-bounded, such a group has to be second countable. It is also shown in [4]
that the answer to the above question is \yes" under Martin's Axiom.
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